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Abstract
Topological integrals appear frequently in Lagrangian eld theories. On manifolds without
boundary, they can be treated in the framework of ordinary (co)homology using the for-
malism of Cheeger{Simons dierential characters. String and D{brane theory involve eld
theoretic models on worldvolumes with border. On manifolds with boundary, the proper
treatment of topological integrals requires a generalization of the usual dierential topo-
logical set up and leads naturally to relative (co)homology and relative Cheeger{Simons
dierential characters. In this paper, we present a construction of relative Cheeger{Simons
dierential characters which is computable in principle and which contains the ordinary
Cheeger{Simons dierential characters as a particular case.
PACS no.: 0240, 0460, 1110. Keywords: String Theory, Cohomology.
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0. Introduction
Topological integrals appear frequently in Lagrangian eld theories such as Chern{
Simons model, Wess{Zumino{Witten model, gauge theory and D{brane theory, to mention
only the most popular and best known. They are formal integrals on topologically non
trivial manifolds of dierential forms which are only locally dened. The integrand thus
suers ambiguities on overlapping coordinate patches, making the denition of integration
problematic. In physics, the problem of the proper denition of topological integrals has
been studied by several authors since the mid eighties [1,2,3] and also recently it has been
the object of a number of studies [4,5,6,7,8]. In mathematics, the interest in this topic dates
back at least to the late sixties when it was attempted to frame the Chern{Simons forms
associated to connections on a principal bundle in appropriate global dierential topolog-
ical structures on its base space. This led to the development of Deligne cohomology in
the early seventies [9] and of Deligne{Beilinson cohomology a decade later [10,11]. The
problem of topological integration was tackled in the mid eighties and resulted in the the-
ory of Cheeger{Simons dierential characters [12], whose relation with Deligne{Beilinson
cohomology was soon recognized and has been reconsidered recently in [13].
Virtually all the above studies deal with ordinary cohomology and dierential charac-
ters. A generalization of the formalism appropriate for relative cohomology and dierential
characters has not been fully worked out to the best of our knowledge. This is attempted
in the present paper.
The reason why this is an interesting problem and not a mere academic exercise is
shown by the physical examples illustrated below in which the relevance of relative coho-
mology and dierential characters should be apparent. Since we have physical applications
in mind, we want to provide a constructive treatment, i. e. one computable at least in prin-
ciple. For this reason, we opt for a formulation closer in spirit to Cheeger’s and Simons’,
which is somewhat more concrete and thus more suitable for the physicists’ computational
needs. We shall do this using the machinery of Cech (co)homology as in [1,2,3]. We shall
not use partitions of unity as in [8], since these are required by distribution valued quan-
tized elds, while the elds relevant in our examples are background semiclassical elds.
Though we work mostly in the framework of relative integer cohomology, our formulation
presumably might be extended to more general relative cohomology theories, in particular
K{theory.
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Consider a spacetime X and a D{brane occupying a submanifold Y  X in type
II string theory. The background is characterized by the NS NS eld B2. Further, the
D{brane carries a U(1) gauge eld A1. For a string with world sheet 2  X such that












where DΣ is the Dirac operator on 2 and pfa (DΣ) is its pfaan [14]. If ∂2 = ;,
the sign of pfa (DΣ) is uniquely dened. Well{denedness of the path integral measure
requires that H3 = dB2 is a globally dened closed 3{form with quantized fluxes through
any closed 3{folds P3  X : Z
P3
H3 2 2piZ. (0.2)
If ∂2 6= ;, the sign of pfa (DΣ) is not uniquely dened in general, signaling a global
world{sheet anomaly. Consistency requires that this anomaly be canceled by an equal
and opposite anomaly of the exponential factor of (0.1). In order this to be possible, the
2{form BA2 = B2 − dA1 must be globally dened on Y so that the restriction of H3 on Y








w2 2 2piZ, (0.3)
for P3  X , Q2  Y with ∂P3 = Q2, where w2 is a closed 2{form on Y representing of the
second Stiefel{Whitney class of Y modulo 2. In the simple case where B2 = 0, Y turns
out to be a Spinc manifold and A1 a Spinc connection. See [14] for more details and [15]
for a related analysis.
The problem of D{branes in group manifolds has received a great deal of attention
recently [16,17,18,19,20,21]. The central issue here is the proper denition of D0 charge
and its quantization. Consider a D{brane located in a submanifold K of a compact simple
Lie group G. The background is characterized by a closed 3-form H3 on G, the trace of
the third wedge power of the left invariant Maurer{Cartan form of G. According to [22],
the D0 charge Q of a D2{brane contained in the D{brane is dened if H3 = dL2 on K for









for V3  G, Z2  K with ∂V3 = Z2. When H3 is cohomologically trivial, Q is quantized
as Q 2 2piZ in the usual way. When H3 has a fundamental period (level) k, Q is quantized
as Q 2 2piZk. These quantization rules have to be compared with (0.3).
Consider N coinciding D{branes of type II string theory spanning a world{volume W
in the space time X . The background elds are the spin connection ω1, the NS NS B{eld
B2 and the R R eld C. Further, the set of branes carries a U(N) Chan{Paton gauge eld
A1 [23]. Here, we assume that B2 = 0. C is odd/even degree form eld for type IIA/IIB
strings. C is not globally dened in X in general. Only its eld strength G = dC is. The
D{brane is carries R R charges and thus couples to the R R eld C via the Wess{Zumino
term. Thus, the path integral contains a factor of the form





tr exp^(iF2/2pi) ^ bA 12 (RTW2) ^ bA− 12 (RNW2) ^ C

, (0.5)
where pfa (DW ) is the pfaan of the Dirac operator on W and RTW2, RNW2 and F2
are the curvatures of the tangent and normal bundles TW , NW of W and the gauge eld
strength, respectively. bA denotes the A{roof genus. This factor is required and explicitly
determined by gauge and gravitational anomaly cancellation [24,25,26]. As before, the sign
of pfa (DW ) suers in general an ambiguity which signals a global anomaly. The well
denedness of the path integral measure requires some kind of quantization condition for
the R R curvature G. This readsZ
U
bA 12 (RTU2) ^ bA− 12 (RNU2) ^G− pi Z
U
ν 2 2piZ, (0.6)
for any closed submanifold U of X of dimension one unit larger than W , where RTW2,
RNW2 are the curvatures of the tangent and normal bundles TU , NU of U nd ν is a closed
form representing the pfaan anomaly modulo 2. In the last three years it has become
clear that a realistic theory of D{brane R R charges and R R elds in type II string theory
requires K theory when B2 = 0 and some sort of twisted generalization thereof when
B2 6= 0 [26,27,28,29,30]. In any case, a form of generalized cohomology is involved which
maps to a full lattice in ordinary real cohomology as is apparent from (0.6).
A generalization for open membranes is still to be worked out [31]. It presumably
involves adding in the exponential in the right hand side of (0.5) a suitable integral on
Z = ∂Y leading to a structure similar to (0.1). This is however just a speculation for the
time being.
4
The above examples show clearly that the geometrical framework suitable for the
analysis of these matters is provided by relative singular homology and (some generalization
of) integral cohomology. To make this clearer and also to render the rest of the paper more
easily readable, we recall briefly some of the basic denitions. (See ref. [32,33,34,35,36,37]
for background material.)
Let X , Y be smooth manifolds with Y  X . Denote by i : Y ! X the smooth
inclusion map. A relative singular p − 1{cycle (Sp−1, Tp−2) of X mod Y is a pair of
singular chains of X , Y , respectively, satisfying
∂Sp−1 − iTp−2 = 0, −∂Tp−2 = 0. (0.7)
A relative de Rham p{cocycle (p,p−1) of X mod Y is a pair of forms of X , Y , respec-
tively, satisfying
dp = 0, ip − dp−1 = 0. (0.8)
Locally, there are forms ~p−1, ~p−2 in X , Y , respectively, such that
p = d~p−1, p−1 = i~p−1 − d~p−2. (0.9)






In general, its value is determined only up to a quantized ambiguity. In the simplest case,
the ambiguity is just integer valued 1. This translates into a quantization condition for





p−1 2 Z, (0.11)
for any relative singular p{cycle (sp, tp−1). For more general quantized ambiguities, we
have totally analogous generalized quantization conditions.
In the rst example illustrated above, (2, ∂2) is a relative singular 2{cycle and
(H3, BA2) is a relative 3{cocycle. The argument of the exponential in (0.1) is the associated
1 Here and in the following, we neglect an inessential factor 2pi appearing in the physical
quantization conditions.
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topological integral. The quantization condition (0.3) holds for every relative singular 3{
cycle (P3, Q2). Similarly, in the second example, (V3, Z2) is a relative singular 3{cycle,
(H3, L2) is a relative 3{cocycle and Q expresses the canonical pairing of relative singular
3 homology and relative de Rham 3 cohomology. Quantization selects a sublattice of the
latter. Similar considerations might apply to an open membrane generalization of the third
example.
Since ~p−1, ~p−2 are only local forms in general, the proper denition of the topo-
logical integral (0.10) is not a straightforward matter. However, any reasonable denition
should satisfy the following a priori requirements up to the usual quantized ambiguity.
To begin with, we expect the topological integral to depend linearly on the relative cycle
(Sp−1, Tp−2) and the relative cocycle (p,p−1). Further, we expect some kind of Stokes’
theorem to hold. So, when the relative singular p − 1{cycle (Sp−1, Tp−2) is a relative
boundary,
Sp−1 = ∂sp − itp−1, Tp−2 = −∂tp−1, (0.12)












where the integrals in the right hand side are computed according to the ordinary dier-
ential geometric prescription. Finally, we would like the topological integral to reduce to
an ordinary integral when the forms ~p−1, ~p−2 are globally dened in X , Y , respectively.
So, when the relative de Rham p{cocycle (p,p−1) is a relative coboundary,
p = dξp−1, p−1 = iξp−1 − dυp−2, (0.14)












where again the integrals in the right hand side are computed according to the ordinary
dierential geometric prescription.
The plan of the paper is as follows. In sect. 1, we introduce the three basic notions
of relative homology and cohomology. In sect. 2, we provide an explicit construction of a
candidate relative Cheeger{Simons dierential character and show its independence form
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covering choices. In sect. 3, we analyze in detail its formal properties. Finally, sect. 4
contains a few concluding remarks.
1. Relative singular, de Rham and Cˇech (co)homology
This is a review of some basic material on relative singular, de Rham and Cech
(co)homology. The reader interested in a more thorough treatment is suggested to consult
standard textbooks such as [32,33,34].
1. Basic definitions and facts
Let M be a smooth manifold. Let O = fOαjα 2 Ag be an open covering of M . Here,
A is an ordered countable index set. We set, for k  0,
Oα0,...,αk = Oα0 \    \Oαk . (1.1.1)
The k{th nerve of O is
N(O, k) = f(α0, . . . , αk) 2 Ak+1jOα0,...,αk 6= ;g. (1.1.2)
O is a good covering if all the non empty Oα0,...,αk are contractible.
In this paper, all singular chains considered are implicitly assumed to be smooth,
oriented and nite, unless otherwise stated. A singular chain U of M is characterized by
its dimension dimU 2 Z and its support supp U  M 1. For a nite family fUig of
singular chains of M , we dene dimfUig = maxi dimUi and supp fUig =
S
i supp Ui.
For r 2 Z, the r{dimensional singular chains of M form a group Sr(M): Sr(M) = 0,
for r  −2, S−1(M) = Z and Sr(M) is the group of ordinary singular chains of M of
dimension r, for 0  r.
We dene a homomorphism b : Sr(M) ! Sr−1(M) by
bUr = ∂SUr. (1.1.3)
1 By convention, supp U = ; for dimU  −1.
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Here, for 1  r, ∂S is the customary simplicial boundary operator, while, for r = 0,









b2 = 0. (1.1.4)
A singular chain of M is called O{small if it is made up of simplices the support of
each of which is contained in some open set of O. For r 2 Z, the O{small elements of
Sr(M) form a subgroup Sr(M,O). There exists a homomorphism q : Sr(M) ! Sr(M),
called barycentric subdivision operator, with the following properties. q is a chain map
qb− bq = 0. (1.1.5)
q is homotopic to the identity, i. e. there is a homomorphism c : Sr(M) ! Sr+1(M) such
that
bc+ cb = q − 1. (1.1.6)
Most importantly, for any Ur 2 Sr(M) there is an integer k(Ur,O)  0 such that qkUr 2
Sr(M,O) for k  k(Ur,O). q and c preserve O{smallness: for any Ur 2 Sr(M,O),
qUr 2 Sr(M,O) and cUr 2 Sr+1(M,O). Further, for any Ur 2 Sr(M), cUr is degenerate,
i. e. it is made up of simplices each of which, considered as a smooth map of the standard
r+1 simplex into M , has rank smaller than r+ 1. An explicit construction of q and c can
be found in [34].
For k, r 2 Z, we denote by Ck,r(M,O) the group of nite singular Cech chains of O in
M of Cech degree k and dimension r: Ck,r(M,O) = 0, for k  −2, C−1,r(M,O) = Sr(M,O)
and Ck,r(M,O) is the group of alternating maps Uk,r : Ak+1 ! Sr(M,O) such that Uk,r =
0 for (α0, . . . , αk) 62 N(O, k), supp (Uk,r)α0,...,αk  Oα0,...,αk for (α0, . . . , αk) 2 N(O, k)
and (Uk,r)α0,...,αk 6= 0 only for a nite number of (α0, . . . , αk), for 0  k. Note that the
singular Cech chains are automatically O{small. The singular Cech chains of C−1,r(M,O)
are called simply singular chains, on account of the denition given above. The singular
Cech chains of Ck,−1(M,O) are called integer Cech chains, since they are integer valued.
2 In dimension 0, the denition of the boundary operator b given here diers from the
customary one of singular homology, where b vanishes. As a consequence, the 0 dimensional
homology groups corresponding to the two denitions of b are also dierent. Our denition
ensures that the statement above (1.1.7) holds.
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The operator b yields a homomorphism b : Ck,r(M,O) ! Ck,r−1(M,O) in obvious
fashion. It is known that the homology of (Ck,(M,O), b) vanishes for k > −1.






β2 = 0. (1.1.8)
The homology of (C,r(M,O), β) is known to vanish for r > −1.
In this paper, all dierential forms considered are implicitly assumed to be smooth,
unless otherwise stated. A dierential form  of M is characterized by its de Rham degree
deg 2 Z and its domain dom  M 3. For a nite family fig of dierential forms of
M , we dene degfig = maxi degi and domfig =
S
i dom.
For r 2 Z, the degree r dierential forms ofM span a vector spaceDr(M): Dr(M) = 0,
for r  −2, D−1(M) = R and Dr(M) is the vector space of ordinary dierential forms of
M of degree r, for 0  r.
We dene a homomorphism d : Dr(M) ! Dr+1(M) by
dr = ddRr. (1.1.9)
Here, for 0  r, ddR is the usual de Rham dierential while, for r = −1, ddR−1 is the
constant 0{form corresponding to the constant −1 4. d is nilpotent
d2 = 0. (1.1.10)
For k, r 2 Z, we denote by Ck,r(M,O) the vector space of de Rham{Cech cochains of O
in M of Cech degree k and de Rham degree r: Ck,r(M,O) = 0, for k  −2, C−1,r(M,O) is
the vector space of forms r 2 Dr(M) such that domr = M and Ck,r(M,O) is the vector
3 By convention, dom = M for deg  −1.
4 The denition given here of coboundary operator d in degree −1 is a rather natural
extension of the usual de Rham dierential which allows the treatment of degree −1 on the
same footing as non negative degree. It further ensures that the statement above (1.1.11)
holds.
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space of alternating maps k,r : Ak+1 ! Dr(M) such that k,r = 0 for (α0, . . . , αk) 62
N(O, k) and dom(k,r)α0,...,αk  Oα0,...,αk for (α0, . . . , αk) 2 N(O, k), for 0  k. The de
Rham{Cech cochains of C−1,r(M,O) are called simply de Rham cochains, on account of
the denition given above. The de Rham{Cech cochains of Ck,−1(M,O) are called real
Cech cochains, since they are real valued.
The operator d yields a homomorphism d : Ck,r(M,O) ! Ck,r+1(M,O). By Poincare’s
lemma, the cohomology of (Ck,(M,O), d) vanishes for k > −1.









δ2 = 0. (1.1.12)
The cohomology of (C,r(M,O), δ) is known to vanish for r > −1.















k,r)α0,...,αk , if r = −1,
0, if r  −2.
(1.1.13)
The integrals in the right hand side are convergent, since all singular chains have compact
support. The sum in the right hand side is convergent, as all singular Cech chains are
nite by denition. One has
hUk,r, dk,r−1i = hbUk,r,k,r−1i, (1.1.14)
hUk,r, δk−1,ri = hβUk,r,k−1,ri. (1.1.15)
These duality relations play a fundamental role in the following.
The space Ck,−1(M,O) of degree k real Cech cochains contains the group of degree k
integer Cech cochains Ck,−1
Z
(M,O) as a distinguished lattice.
2. Relative homology and cohomology
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In this subsection, we shall describe briefly the main versions of Y relative homology
and cohomology of X for a pair of manifolds X , Y such that Y  X .
Let p 2 N, p  2. Let X , Y be smooth manifolds with dimX  p, dimY  p− 1 and
such that Y  X . Let i : Y ! X be the smooth inclusion map.
Let O be an open covering of X and let O \ Y be the open covering of Y induced by
O.
A Y relative singular p−1{chain (Sp−1, Tp−2) of X is a pair of singular chains Sp−1 2
Sp−1(X), Tp−2 2 Sp−2(Y ). A Y relative singular p− 1{chain (Sp−1, Tp−2) of X is a cycle
if
bSp−1 − iTp−2 = 0, (1.2.1a)
− bTp−2 = 0. (1.2.1b)
A Y relative singular p− 1{cycle (Sp−1, Tp−2) of X is a boundary if it is of the form
Sp−1 = bsp − itp−1, (1.2.2a)
Tp−2 = −btp−1, (1.2.2b)
where (sp, tp−1) is an arbitrary Y relative singular p{chain ofX . We denote by Csp−1(X, Y ),
Zsp−1(X, Y ), B
s
p−1(X, Y ) the groups of Y relative singular p− 1{chains, cycles and bound-
aries of X , respectively. Two relative p − 1{cycles are equivalent if their dierence is a
relative p − 1{boundary. The equivalence classes of Y relative singular p − 1{cycles of X
form the p− 1{th relative singular homology group Hsp−1(X, Y ).
A Y relative singular p − 1{chain (respectively a cycle, a boundary) (Sp−1, Tp−2) is
said O{small if Sp−1 is O{small and Tp−2 is O \ Y {small in the sense dened in the
previous subsection. We denote by CsOp−1(X, Y ), Z
sO
p−1(X, Y ), B
sO
p−1(X, Y ) the groups of
O{small Y relative singular p − 1{chains, cycles and boundaries of X , respectively. Two
O{small relative p−1{cycles are equivalent if their dierence is an O{small relative p−1{
boundary. The equivalence classes of O{small Y relative singular p−1{cycles of X form a
group canonically isomorphic to the p−1{th relative singular homology group Hsp−1(X, Y )
dened earlier.
The barycentric subdivision operator q acts on relative chains in obvious fashion.
For any relative chain (Sp−1, Tp−2), there is an integer k(Sp−1, Tp−2,O)  0 such that
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(qkSp−1, qkTp−2) is O{small for k  k(Sp−1, Tp−2,O). If (Sp−1, Tp−2) is a relative cycle,
then (qkSp−1, qkTp−2) also is. If (Sp−1, Tp−2) is a relative boundary, then (qkSp−1, qkTp−2)
also is and the corresponding relative chain (qksp, qktp−1) is O{small for k large enough.
An O{small Y relative singular p−1{chain (Sp−1, Tp−2) is canonically identied with
a pair of singular chains (S−1,p−1, T−1,p−2) with S−1,p−1 2 C−1,p−1(X,O), T−1,p−2 2
C−1,p−2(Y,O \ Y ). We shall use both notations interchangeably depending on context.
A Y relative integer Cech p−1{chain (Sp−1,−1, Tp−2,−1) of X is a pair of integer Cech
chains Sp−1,−1 2 Cp−1,−1(X,O), Tp−2,−1 2 Cp−2,−1(Y,O \ Y ). A Y relative integer Cech
p− 1{chain (Sp−1,−1, Tp−2,−1) of X is a cycle if
βSp−1,−1 − iTp−2,−1 = 0 (1.2.3a)
− βTp−2,−1 = 0. (1.2.3b)
A Y relative integer Cech p− 1{cycle (Sp−1,−1, Tp−2,−1) of X is a boundary if it is of the
form
Sp−1,−1 = βsp,−1 − itp−1,−1, (1.2.4a)
Tp−2,−1 = −βtp−1,−1, (1.2.4b)
where (sp,−1, tp−1,−1) is an arbitrary Y relative integer Cech p{chain of X . We denote
by CCp−1(X, Y,O), ZCp−1(X, Y,O), BCp−1(X, Y,O) the groups of Y relative integer Cech
p − 1{chains, cycles and boundaries of X , respectively. Two relative p − 1{cycles are
equivalent if their dierence is a relative p − 1{boundary. The equivalence classes of Y
relative integer Cech p− 1{cycles of X form the p− 1{th relative integer Cech homology
group HCp−1(X, Y,O).
For r 2 N, set Ir = f0, 1.2, . . . , rg. A Y relative singular Cech p−1{intertwiner of X is
a sequence (S−1,p−1, T−1,p−2; fVk,p−1−kjk 2 Ip−1g, fZk,p−2−kjk 2 Ip−2g;Sp−1,−1, Tp−2,−1)
with S−1,p−1 2 C−1,p−1(X, O), T−1,p−2 2 C−1,p−2(Y,O \ Y ), Vk,p−1−k 2 Ck,p−1−k(X,O),
Zk,p−2−k 2 Ck,p−2−k(Y,O \ Y ), Sp−1,−1 2 Cp−1,−1(X,O), Tp−2,−1 2 Cp−2,−1(Y,O \ Y )
satisfying
S−1,p−1 = βV0,p−1, (1.2.5a)
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T−1,p−2 = βZ0,p−2, (1.2.5b)
bVk,p−1−k = βVk+1,p−2−k + (−1)kiZk,p−2−k, 0  k  p− 2, (1.2.6a)
bZk,p−2−k = βZk+1,p−3−k, 0  k  p− 3, (1.2.6b)
Sp−1,−1 = bVp−1,0, (1.2.7a)
Tp−2,−1 = −(−1)p−2bZp−2,0. (1.2.7b)
Note that (Sp−1, Tp−2) 2 ZsOp−1(X, Y ) (cfr. eq. (1.2.1)) and (Sp−1,−1, Tp−2,−1) 2 ZCp−1(X,
Y,O) (cfr. eq. (1.2.2)). A Y relative singular Cech p − 1{intertwiner (S−1,p−1, T−1,p−2;
fVk,p−1−kjk 2 Ip−1g, fZk,p−2−kjk 2 Ip−2g;Sp−1,−1, Tp−2,−1) of X is said trivial if
S−1,p−1 = 0, (1.2.8a)
T−1,p−2 = 0, (1.2.8a)
Vk,p−1−k = bvk,p−k + βvk+1,p−1−k + (−1)kizk,p−1−k, 0  k  p− 1, (1.2.9a)
Zk,p−2−k = bzk,p−1−k + βzk+1,p−2−k, 0  k  p− 2, (1.2.9b)
Sp−1,−1 = 0, (1.2.10a)
Tp−2,−1 = 0, (1.2.10b)
where vk,p−k 2 Ck,p−k(X,O), for 0  k  p, zk,p−1−k 2 Ck,p−1−k(Y,O \ Y ), for 0  k 
p − 1, with v0,p = 0, vp,0 = 0, z0,p−1 = 0, zp−1,0 = 0. We denote by ZIsCp−1(X, Y,O),
BIsCp−1(X, Y,O) the groups of Y relative singular Cech p−1{intertwiners, and trivial inter-
twiners of X , respectively. Two relative p−1{intertwiners are equivalent if their dierence
is trivial. The equivalence classes of Y relative singular Cech p− 1{intertwiners of X form
a group HIsCp−1(X, Y,O). The notion of intertwiner given here generalizes that of ‘element’
of [37].
A Y relative singular Cech p − 1{intertwiner (S−1,p−1, T−1,p−2; fVk,p−1−kjk 2 Ip−1g,
fZk,p−2−kjk 2 Ip−2g;Sp−1,−1, Tp−2,−1) is called quasi trivial, if through a shift by a trivial
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Y relative singular Cech p− 1{intertwiner can be brought to the form
S−1,p−1 = bs−1,p − it−1,p−1, (1.2.11a)
T−1,p−2 = −bt−1,p−1, (1.2.11b)
V0,p−1 = bv0,p + iz0,p−1, Vp−1,0 = βvp,0 + (−1)p−1izp−1,0,
Vk,p−1−k = 0, 1  k  p− 2, (1.2.12a)
Z0,p−2 = bz0,p−1, Zp−2,0 = βzp−1,0,
Zk,p−2−k = 0, 1  k  p− 3, (1.2.12b)
Sp−1,−1 = βsp,−1 − itp−1,−1, (1.2.13a)
Tp−2,−1 = −βtp−1,−1, (1.2.13b)
where s−1,p 2 C−1,p(X,O), t−1,p−1 2 C−1,p−1(Y,O \ Y ), sp,−1 2 Cp,−1(X,O), tp−1,−1 2
Cp−1,−1(Y,O\Y ), v0,p 2 C0,p(X,O), z0,p−1 2 C0,p−1(Y,O\Y ), vp,0 2 Cp,0(X,O), zp−1,0 2
Cp−1,0(Y,O \ Y ) are such that
s−1,p = βv0,p, (1.2.14a)
t−1,p−1 = −βz0,p−1, (1.2.14b)
sp,−1 = bvp,0, (1.2.15a)
tp−1,−1 = −(−1)p−1bzp−1,0. (1.2.15b)
Such relative cycles form a subgroup of ZIsCp−1(X, Y,O) denoted by ZIsC0p−1(X, Y,O). Being
invariant under translation by BIsCp−1(X, Y,O), ZIsC0p−1(X, Y,O) projects to a subgroup
HIsC0p−1(X, Y,O) of HIsCp−1(X, Y,O).
A Y relative de Rham p{cochain (p,p−1) of X is a pair of de Rham cochains
p 2 Dp(X) , p−1 2 Dp−1(Y ). A Y relative de Rham p{cochain (p,p−1) of X is a
cocycle if
dp = 0, (1.2.16a)
ip − dp−1 = 0. (1.2.16b)
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A Y relative de Rham p{cocycle (p,p−1) of X is a coboundary if it is of the form
p = dξp−1, (1.2.17a)
p−1 = iξp−1 − dυp−2, (1.2.17b)
where (ξp−1, υp−2) is an arbitrary Y relative de Rham p− 1{cochain of X . We denote by
CpdR(X, Y ), Z
p
dR(X, Y ), B
p
dR(X, Y ) the vector spaces of Y relative de Rham p{cochains,
cocycles and coboundaries ofX , respectively. Two relative p{cocycles are equivalent if their
dierence is a p{coboundary. The equivalence classes of Y relative de Rham p{cocycles of
X span the p{th relative de Rham cohomology space HpdR(X, Y ).
A Y relative de Rham p−1{cochain (p,p−1) is canonically identied with a pair of
de Rham cochains (−1,p,−1,p−1) with −1,p 2 C−1,p(X,O), −1,p−1 2 C−1,p−1(Y,O \
Y ). We shall use both notations interchangeably depending on context.
A Y relative real Cech p{cochain (p,−1,p−1,−1) of X is a pair of real Cech cochains
p,−1 2 Cp,−1(X,O), p−1,−1 2 Cp−1,−1(Y,O \ Y ). A Y relative real Cech p{cochain
(p,−1,p−1,−1) of X is a cocycle if
δp,−1 = 0, (1.2.18a)
ip,−1 − δp−1,−1 = 0. (1.2.18b)
A Y relative real Cech p{cocycle (p,−1,p−1,−1) of X is a coboundary if it is of the form
p,−1 = δξp−1,−1, (1.2.19a)
p−1,−1 = iξp−1,−1 − δυp−2,−1, (1.2.19b)
where (ξp−1,−1, υp−2,−1) is an arbitrary Y relative real Cech p − 1{cochain of X . We
denote by CpC(X, Y,O), ZpC(X, Y,O), BpC(X, Y,O) the vector spaces of Y relative real
Cech p{cochains, cocycles and coboundaries of X , respectively. Two relative p{cocycles
are equivalent if their dierence is a p{coboundary. The equivalence classes of Y relative
real Cech p{cocycles of X form the p{th relative real Cech cohomology space HpC(X, Y,O).
For r 2 N, set Ir = f0, 1.2, . . . , rg. A Y relative de Rham{Cech p{cointertwiner of X
is a sequence (−1,p,−1,p−1; fΩk,p−1−kjk 2 Ip−1g, fk,p−2−kjk 2 Ip−2g; p,−1,p−1,−1),
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where −1,p 2 C−1,p(X,O), −1,p−1 2 C−1,p−1(Y,O \ Y ), Ωk,p−1−k 2 Ck,p−1−k(X,O),
k,p−2−k 2 Ck,p−2−k(Y,O\Y ), p,−1 2 Cp,−1(X,O), p−1,−1 2 Cp−1,−1(Y,O\Y ) satisfy
δ−1,p = dΩ0,p−1, (1.2.20a)
δ−1,p−1 = −d0,p−2 + iΩ0,p−1, (1.2.20b)
dΩk,p−1−k = δΩk−1,p−k, 1  k  p− 1, (1.2.21a)
dk,p−2−k = δk−1,p−1−k + (−1)kiΩk,p−1−k, 1  k  p− 2, (1.2.21b)
dp,−1 = δΩp−1,0, (1.2.22a)
dp−1,−1 = (−1)p−1(δp−2,0 + (−1)p−1iΩp−1,0. (1.2.22b)
Note that (p,p−1) 2 ZpdR(X, Y ) (cfr. eq. (1.2.16)) and (p,−1,p−1,−1) 2 ZpC(X, Y,O)
(cfr. eq. (1.2.18)). We call a Y relative de Rham{Cech p{cointertwiner (−1,p,−1,p−1;
fΩk,p−1−kjk 2 Ip−1g, fk,p−2−kjk 2 Ip−2g; p,−1,p−1,−1) of X trivial if
−1,p = 0, (1.2.23a)
−1,p−1 = 0, (1.2.23b)
Ωk,p−1−k = dωk,p−2−k + δωk−1,p−1−k, 0  k  p− 1, (1.2.24a)
k,p−2−k = dθk,p−3−k + δθk−1,p−2−k + (−1)kiωk,p−2−k, 0  k  p− 2, (1.2.24b)
p,−1 = 0, (1.2.25a)
p−1,−1 = 0, (1.2.25b)
where ωk,p−2−k 2 Ck,p−2−k(X,O), for −1  k  p − 1, θk,p−3−k 2 Ck,p−3−k(Y,O \ Y ),
for −1  k  p − 2, with ω−1,p−1 = 0, ωp−1,−1 = 0, θ−1,p−2 = 0, θp−2,−1 = 0. We
denote by ZIpdRC(X, Y,O), BIpdRC(X, Y, O) the spaces of Y relative de Rham{Cech p{
cointertwiners, and trivial cointertwiners of X , respectively. Two relative p{cointertwiners
are equivalent if their dierence is trivial. The equivalence classes of Y relative de Rham{
Cech p{cointertwiners of X form a space HIpdRC(X, Y,O). The notion of cointertwiner
given here generalizes that of ‘coelement’ of [37].
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A Y relative de Rham{Cech p{cointertwiner (−1,p,−1,p−1; fΩk,p−1−kjk 2 Ip−1g,
fk,p−2−kjk 2 Ip−2g; p,−1,p−1,−1) is called quasi trivial, if through a shift by a trivial
Y relative de Rham{Cech p{cointertwiner can be brought to the form
−1,p = dξ−1,p−1, (1.2.26a)
−1,p−1 = iξ−1,p−1 − dυ−1,p−2, (1.2.26b)
Ω0,p−1 = δξ−1,p−1, Ωp−1,0 = dξp−1,−1,
Ωk,p−1−k = 0, 1  k  p− 2, (1.2.27a)
0,p−2 = δυ−1,p−2, p−2,0 = (−1)p−2dυp−2,−1,
k,p−2−k = 0, 1  k  p− 3, (1.2.27b)
p,−1 = δξp−1,−1, (1.2.28a)
p−1,−1 = iξp−1,−1 − δυp−2,−1, (1.2.28b)
where ξ−1,p−1 2 C−1,p−1(X,O), υ−1,p−2 2 C−1,p−2(Y,O \ Y ), ξp−1,−1 2 Cp−1,−1(X,O),
υp−2,−1 2 Cp−2,−1(Y,O \ Y ). Such relative cocycles form a subspace ZIpdRC0(X, Y,O) of
ZIpdRC(X, Y,O). Being invariant under translation by BIpdRC(X, Y,O), ZIpdRC0(X, Y,O)
projects to a subgroup HIpdRC0(X, Y,O) of HIpdRC(X, Y,O).
3. Integrality and relative differential cocycles
A Y relative integer Cech p{cochain (^p,−1, ^p−1,−1) of X is a pair of integer Cech
cochains ^p,−1 2 Cp,−1
Z
(X,O), ^p−1,−1 2 Cp−1,−1
Z
(Y,O \ Y ). Clearly, a relative integer
Cech cochain is also a relative real Cech cochain. A Y relative integer Cech p{cochain
(^p,−1, ^p−1,−1) of X is a cocycle if it satises eq. (1.2.18) with (p,−1,p−1,−1) replaced
by (^p,−1, ^p−1,−1), so that it is a cocycle also when seen as a relative real Cech cochain.
A Y relative integer Cech p{cocycle (^p,−1, ^p−1,−1) of X is a coboundary if it satises
eq. (1.2.19) with (ξp−1,−1, υp−2,−1) replaced by any Y relative integer Cech p− 1{cochain
(ξ^p−1,−1, υ^p−2,−1), so that it is a coboundary also when seen as a relative real Cech cochain.
We denote by CpCZ(X, Y,O), ZpCZ(X, Y,O), BpCZ(X, Y,O) the groups of Y relative integer
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Cech p{cochains, cocycles and coboundaries of X , respectively. Two relative integer p{
cocycles are equivalent if their dierence is a integer p{coboundary. The equivalence classes
of Y relative integer Cech p{cocycles of X form the p{th relative integer Cech cohomology
group HpCZ(X, Y,O). The inclusion CpCZ(X, Y,O) ! CpC(X, Y,O) is a cochain map. Thus,
it induces a homomorphism HpCZ(X, Y,O) ! HpC(X, Y,O) of relative cohomology. In
general, this homomorphism is not a monomorphism because of torsion: two relative
cocycles of ZpCZ(X, Y,O), which are inequivalent modulo BpCZ(X, Y,O) might be equivalent
modulo BpC(X, Y,O).
A Y relative dierential p{cocycle of X is a Cech six{tuple (p,−1,p−1,−1; p−1,−1,
p−2,−1; ^p,−1, ^p−1,−1), where p,−1 2 Cp,−1(X,O), p−1,−1 2 Cp−1,−1(Y,O \ Y ),





(Y,O \ Y ), satisfying
δp,−1 = 0, (1.3.1a)
ip,−1 − δp−1,−1 = 0, (1.3.1b)
δp−1,−1 = ^p,−1 − p,−1, (1.3.2a)
ip−1,−1 − δp−2,−1 = ^p−1,−1 −p−1,−1, (1.3.2b)
δ^p,−1 = 0, (1.3.3a)
i^p,−1 − δ^p−1,−1 = 0. (1.3.3b)
Note that (p,−1,p−1,−1) 2 ZpC(X, Y,O) and (^p,−1, ^p−1,−1) 2 ZpCZ(X, Y,O) (cfr. eq.
(1.2.18)). A Y relative dierential p{cocycle (p,−1,p−1,−1; p−1,−1,p−2,−1; ^p,−1,
^p−1,−1) of X is a dierential coboundary if
p,−1 = 0, (1.3.4a)
p−1,−1 = 0, (1.3.4b)
p−1,−1 = δξp−2,−1 + ξ^p−1,−1, (1.3.5a)
p−2,−1 = iξp−2,−1 − δυp−3,−1 + υ^p−2,−1, (1.3.5b)
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^p,−1 = δξ^p−1,−1, (1.3.6a)
^p−1,−1 = iξ^p−1,−1 − δυ^p−2,−1, (1.3.6b)





(Y,O \ Y ). We denote by ZDpC(X, Y,O), BDpC(X, Y,O) the groups
of Y relative dierential p{cocycles and coboundaries of X , respectively. Two relative
dierential p{cocycles are equivalent if their dierence is a dierential coboundary. The
equivalence classes of Y relative dierential p{cocycle of X form a group HDpC(X, Y,O).
The notion of dierential cocycle has been introduced for the absolute case in [13].
We call a Y relative dierential p{cocycle (p,−1,p−1,−1; p−1,−1,p−2,−1; ^p,−1,
^p−1,−1) a quasi coboundary, if, through a shift by a Y relative dierential p{coboundary,
it can be brought to the form
p,−1 = δξp−1,−1, (1.3.7a)
p−1,−1 = iξp−1,−1 − δυp−2,−1, (1.3.7b)
p−1,−1 = −ξp−1,−1, (1.3.8a)
p−2,−1 = −υp−2,−1, (1.3.8b)
^p,−1 = 0, (1.3.9a)
^p−1,−1 = 0, (1.3.9b)
where ξp−1,−1 2 Cp−1,−1(X,O), υp−2,−1 2 Cp−2,−1(Y,O \ Y ). Quasi trivial dieren-
tial cocycles form a subgroup ZDpC0(X, Y,O) of ZDpC(X, Y,O). Being invariant under
translation by BDpC(X, Y,O), ZDpC0(X, Y,O) projects to a subgroup HDpC0(X, Y,O) of
HDpC(X, Y,O).
A Y relative real Cech p{cocycle (p,−1,p−1,−1) 2 ZpC(X, Y,O) is said cohomologi-
cally integer if it ts into some Y relative dierential p{cocycle (p,−1,p−1,−1; p−1,−1,
p−2,−1; ^p,−1, ^p−1,−1) 2 ZDpC(X, Y,O) (cfr. eqs. (1.2.18), (1.3.1){(1.3.3)). From
eqs. (1.2.19), (1.3.7){(1.3.9), it follows that any Y relative real Cech p{coboundary
(p,−1,p−1,−1) 2 BpC(X, Y,O) is always cohomologically integer, being part of a dier-
ential quasi coboundary in ZDpC0(X, Y,O). We denote by ~ZpCZ(X, Y,O) the subgroup of
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ZpC(X, Y,O) formed by the cohomologically integer relative real Cech p{cocycles. Being in-
variant under translation by BpC(X, Y,O), ~ZpCZ(X, Y,O) projects to a lattice ~HpCZ(X, Y,O)
of HpC(X, Y,O). Clearly ZpCZ(X, Y,O)  ~ZpCZ(X, Y,O). Further, ~HpCZ(X, Y,O) is precisely
the image of the natural homomorphism HpCZ(X, Y,O) ! HpC(X, Y,O).
4. Relative (co)intertwiners and the relative singular Cˇech/de Rham–Cˇech isomorphism
We say that the open covering O is a good covering of the pair X , Y , if O is a good
covering of X and O \ Y is good a covering of Y .
An O{small Y relative singular p−1{cycle (Sp−1, Tp−2) 2 ZsOp−1(X, Y ) and a Y relative
integer Cech p{cycle (Sp−1,−1, Tp−2,−1) 2 ZCp−1(X, Y,O) are said equivalent if they t into
some Y relative singular{Cech p{intertwiner (S−1,p−1, T−1,p−2; fVk,p−1−kg, fZk,p−2−kg;
Sp−1,−1, Tp−2,−1) 2 ZIsCp−1(X, Y,O) (cfr. eqs. (1.2.1), (1.2.3), (1.2.5){(1.2.7)). From
eqs. (1.2.2), (1.2.4), (1.2.11){(1.2.13), it follows that any O{small Y relative singular
p− 1{boundary (Sp−1, Tp−2) 2 BsOp−1(X, Y ) is always equivalent to any Y relative integer
Cech p{boundary (Sp−1,−1, Tp−2,−1) 2 ZCp−1(X, Y,O) through a quasi trivial intertwiner
in ZIC0p−1(X, Y,O). Therefore, the equivalence relation in ZsOp−1(X, Y ) ZCp−1(X, Y,O) de-
ned above induces an equivalence relation in Hsp−1(X, Y )HCp−1(X, Y,O) at the level of
relative homology. A fundamental theorem states that, when O is a good covering of the
pair X , Y and p > 1, this equivalence is actually an isomorphism
Hsp−1(X, Y ) = HCp−1(X, Y,O) (1.4.1)
so that for such coverings HCp−1(X, Y,O) does not depend on O up to isomorphism.
A Y relative de Rham p{cocycle (p,p−1) 2 ZpdR(X, Y ) and a Y relative real Cech p{
cocycle (p,−1,p−1,−1) 2 ZpC(X, Y,O) are said equivalent if they t into some Y relative
de Rham{Cech p{cointertwiner (−1,p,−1,p−1; fΩk,p−1−kg, fk,p−2−kg; p,−1,p−1,−1)
2 ZIpdRC(X, Y,O) (cfr. eqs. (1.2.16), (1.2.18), (1.2.20){(1.2.22)). From eqs. (1.2.17),
(1.2.19), (1.2.26){(1.2.28), it follows that a Y relative de Rham p{coboundary (p,p−1) 2
BpdR(X, Y ) is always equivalent to any Y relative real Cech p{coboundary (
p,−1,p−1,−1)
2 BpC(X, Y,O) through a quasi trivial cointertwiner in ZIpdRC0(X, Y,O). Therefore, the
equivalence relation in ZpdR(X, Y )  ZpC(X, Y,O) dened above induces an equivalence
relation in HpdR(X, Y )HpC(X, Y,O) at the level of relative cohomology. A fundamental
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theorem states that, when O is a good covering of the pair X , Y , this equivalence relation
is actually an isomorphism
HpdR(X, Y ) = HpC(X, Y,O), (1.4.2)
so that for such coverings HpC(X, Y,O) does not depend on O up to isomorphism.
A Y relative de Rham p{cocycle (p,p−1) 2 ZpdR(X, Y ) is said cohomologically
integer, it it is equivalent to a cohomologically integer Y relative real Cech p{cocycle
(p,−1,p−1,−1) 2 ~ZpCZ(X, Y,O) (cfr. subsect. 1.3). A Y relative de Rham p{coboundary
(p,p−1) 2 BpdR(X, Y ) is always cohomologically integer, since it is equivalent to Y rela-
tive real Cech p{coboundary (p,−1,p−1,−1) 2 BpC(X, Y,O), which is necessarily cohomo-
logically integer. We denote by ZpdRZ(X, Y ) be the subgroup of Z
p
dR(X, Y ) formed by the
cohomologically integer relative de Rham p{cocycles. Since ZpdRZ(X, Y ) is invariant under
translation by BpdR(X, Y ), Z
p
dRZ(X, Y ) projects to a latticeH
p
dRZ(X, Y ) of H
p
dR(X, Y ). Un-




5. Absolute versus relative homology and cohomology
An absolute singular p − 1{chain (respectively a cycle, a boundary) Sp−1 of X is
a Y relative singular p − 1{chain (respectively a cycle, a boundary) (Sp−1, Tp−2) of X
such that Tp−2 = 0 (respectively satisfying (1.2.1) with Tp−2 = 0, satisfying (1.2.2) with
tp−1 = 0). The absolute singular p − 1{chains (respectively cycles, boundaries) of X






p−1(X, Y ) (respectively
Zsp−1(X, Y ), B
s
p−1(X, Y )) independent from Y . The equivalence classes of absolute singular
p− 1{cycles of X modulo boundaries form the p− 1{th absolute singular homology group
Hsp−1(X), which is independent from Y and canonically embedded in H
s
p−1(X, Y ).
If (Sp−1, Tp−2) is a Y relative singular p− 1{chain (respectively a cycle, a boundary)
of X , then Tp−2 is an absolute singular p − 2{chain (respectively a cycle, a boundary)
of Y . Thus, there is a canonical homomorphism of Csp−1(X, Y ) (respectively Z
s
p−1(X, Y ),
Bsp−1(X, Y )) into C
s




p−2(Y )). Correspondingly, there is a
canonical homomorphism of Hsp−1(X, Y ) into H
s
p−2(Y ).
We dene an absolute de Rham p− 1{cochain (respectively a cocycle, a coboundary)
p−1 of Y as a Y relative de Rham p{cochain (respectively a cocycle, a coboundary)
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(p,p−1) of X such that p = 0 (respectively satisfying (1.2.16) with p = 0, satisfy-
ing (1.2.17) with ξp−1 = 0). The absolute de Rham p − 1{cochains (respectively cocy-
cles, coboundaries) of Y span a subspace Cp−1dR (Y ) (respectively Z
p−1
dR (Y ), B
p−1
dR (Y )) of
CpdR(X, Y ) (respectively Z
p
dR(X, Y ), B
p
dR(X, Y )) independent from X . The equivalence
classes of absolute de Rham p− 1{cycles of Y modulo coboundaries form the p− 1{th ab-
solute de Rham cohomology space Hp−1dR (Y ), which is independent from X and canonically
embedded in HpdR(X, Y ).
If (p,p−1) is a Y relative de Rham p{cochain (respectively a cocycle, a coboundary)
of X , then p is an absolute de Rham p{cochain (respectively a cocycle, a coboundary)
of X . Thus, there is a canonical homomorphism of CpdR(X, Y ) (respectively Z
p
dR(X, Y ),






dR(X)). Correspondingly, there is a
canonical homomorphism of HpdR(X, Y ) into H
p
dR(X).
An absolute de Rham p − 1{cocycle p−1 of Y is cohomologically integer if the cor-
responding relative p{cocycle (0,p−1) of X is. Conversely, if a Y relative de Rham
p{cocycle (p,p−1) is cohomologically integer, then the absolute de Rham p-cocycle p
of X also is. So the maps dened above respect integrality.
2. The relative Cheeger–Simons differential characters
Let p, X , Y satisfy the same assumptions as in subsect. 1.2. and that O is a good
covering of X , Y .
1. Construction of the maps IO1 and I
O
2
We now dene two basic realvalued functions, IO1 , I
O
2 , of the appropriate relative data.
In view of the construction of relative Cheeger{Simons dierential characters, we analyze
in detail the properties of IO1 , I
O
2 , when the relative data are varied by trivial or quasi
trivial amounts. Here, we systematically use the notation (1.1.13) for conciseness.
The rst function, IO1 , depends on the following relative data: a relative singu-
lar Cech p − 1{intertwiner (S−1,p−1, T−1,p−2; fVk,p−1−kjk 2 Ip−1g, fZk,p−2−kjk 2 Ip−2g;
Sp−1,−1, Tp−2,−1) 2 ZIsCp−1(X, Y,O); a relative de Rham{Cech p{cointertwiner (−1,p,
−1,p−1; fΩk,p−1−kjk 2 Ip−1g, fk,p−2−kjk 2 Ip−2g; p,−1,p−1,−1) 2 ZIpdRC(X, Y,O).









When the relative arguments are varied by arbitrary amounts (generically denoted by
) the variation IO1 of I
O






















If (S−1,p−1,T−1,p−2; fVk,p−1−kg, fZk,p−2−kg; Sp−1,−1,Tp−2,−1) 2 BIsCp−1(X, Y,
O) is a trivial relative intertwiner (cfr. eqs. (1.2.8){(1.2.10)) and (−1,p,−1,p−1;
fΩk,p−1−kg, fk,p−2−kg; p,−1,p−1,−1) 2 BIpdRC(X, Y,O) is a trivial relative co-
intertwiner (cfr. eqs. (1.2.23){(1.2.25)), one has
IO1 = 0. (2.1.3)
If (S−1,p−1,T−1,p−2; fVk,p−1−kg, fZk,p−2−kg; Sp−1,−1,Tp−2,−1) 2 ZIsC0p−1(X, Y,
O) is a quasi trivial relative intertwiner (cfr. eqs (1.2.11){(1.2.13)) and (−1,p,−1,p−1;
fΩk,p−1−kg, fk,p−2−kg; p,−1,p−1,−1) 2 ZIpdRC0(X, Y,O) is a quasi trivial rela-
tive cointertwiner (cfr. eqs. (1.2.26){(1.2.28)), one has instead
IO1 = hS−1,p−1, ξ−1,p−1i − hT−1,p−2, υ−1,p−2i
+ hs−1,p,−1,pi − ht−1,p−1,−1,p−1i
+ hs−1,p, dξ−1,p−1i − ht−1,p−1, iξ−1,p−1 − dυ−1,p−2i
+ (−1)p−1
h
hSp−1,−1, ξp−1,−1i − hTp−2,−1, υp−2,−1i
+ hsp,−1,p,−1i − htp−1,−1,p−1,−1i
+ hsp,−1, δξp−1,−1i − htp−1,−1, iξp−1,−1 − δυp−2,−1i
i
. (2.1.4)
The second function, IO2 , depends on the following relative data: a relative dierential
p{cocycle (p,−1,p−1,−1; p−1,−1,p−2,−1; ^p,−1, ^p−1,−1) 2 ZDpC(X, Y,O); a relative







When the relative arguments are varied by arbitrary amounts (generically denoted by ),
the variation IO2 of I
O




+ hSp−1,−1,p−1,−1i − hTp−2,−1,p−2,−1i
+ hSp−1,−1,p−1,−1i − hTp−2,−1,p−2,−1i
i
. (2.1.6)
If (p,−1,p−1,−1; p−1,−1,p−2,−1; ^p,−1,^p−1,−1) 2 BDpC(X, Y,O) is a
relative dierential coboundary (cfr. eqs. (1.3.4){(1.3.6)), then
IO2 = (−1)p−1
h
hSp−1,−1, ξ^p−1,−1i − hTp−2,−1, υ^p−2,−1i
i
. (2.1.7)
If (p,−1,p−1,−1; p−1,−1,p−2,−1; ^p,−1,^p−1,−1) 2 ZDpC0(X, Y,O) is a
relative dierential quasi coboundary (cfr. eqs. (1.3.7){(1.3.9)) and (Sp−1,−1, Tp−2,−1) 2
BCp−1(X, Y,O) is relative Cech boundary (cfr. eq. (1.2.2)), then
IO2 = − (−1)p−1
h
hSp−1,−1, ξp−1,−1i − hTp−2,−1, υp−2,−1i
+ hsp,−1,p,−1i − htp−1,−1,p−1,−1i




hsp,−1, ^p,−1i − htp−1,−1, ^p−1,−1i
i
. (2.1.8)
Let (Sp−1, Tp−2) 2 ZsOp−1(X, Y ) be an O{small relative singular p − 1{cycle (cfr. eq.
(1.2.1) and subsect. 1.2). Then, (Sp−1, Tp−2) ts into some relative singular Cech p− 1{
intertwiner (S−1,p−1, T−1,p−2; fVk,p−1−kg, fZk,p−2−kg;Sp−1,−1, Tp−2,−1) 2 ZIsCp−1(X, Y,O)
(cfr. eqs. (1.2.5){(1.2.7) and subsect. 1.4). By standard singular Cech techniques, one eas-
ily sees that the intertwiner (S−1,p−1, T−1,p−2; fVk,p−1−kg, fZk,p−2−kg;Sp−1,−1, Tp−2,−1) is
dened up to a quasi trivial relative singular Cech intertwiner, which, through a shift by
a trivial relative intertwiner, can be brought to the form (1.2.11){(1.2.13) with s−1,p = 0,
t−1,p−1 = 0. The resulting ambiguity of the denition of the intertwiner is thus parame-
terized by a relative integer Cech p− 1 chain (sp,−1, tp−1,−1).
Let (p,p−1) 2 ZpdR(X, Y ) be a relative de Rham p{cocycle (cfr. eq. (2.1.16)).
So, (p,p−1) can be extended to some relative de Rham{Cech p{cointertwiner (−1,p,
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−1,p−1; fΩk,p−1−kg, fk,p−2−kg; p,−1,p−1,−1) 2 ZIpdRC(X, Y,O) (cfr eqs. (1.2.20){
(1.2.22)and subsect. 1.4). By the standard de Rham{Cech techniques, it is easy to see
that the cointertwiner (−1,p,−1,p−1; fΩk,p−1−kg, fk,p−2−kg; p,−1,p−1,−1) is dened
up to a quasi trivial relative de Rham{Cech cointertwiner, which, through a shift by a
trivial relative cointertwiner, can be brought to the form (1.2.26){(1.2.28) with ξ−1,p−1 =
0, υ−1,p−2 = 0. The resulting ambiguity of the denition of the cointertwiner is thus
parameterized by a relative real Cech p{cochain (ξp−1,−1, υp−2,−1).
When (p,p−1) 2 ZpdRZ(X, Y ) is moreover cohomologically integer, the relative
real Cech p{cocycle (p,−1,p−1,−1) 2 ~ZpCZ(X, Y,O) is cohomologically integer as well
(cfr. subsect. 1.3). Then, (p,−1,p−1,−1) ts into some relative dierential p{cocycle
(p,−1,p−1,−1; p−1,−1,p−2,−1; ^p,−1, ^p−1,−1) 2 ZDpC(X, Y,O) (cfr. eqs. (1.3.1){
(1.3.3 and subsect. 1.4). As (p,−1,p−1,−1) is dened up to an ambiguity of the form
(1.2.19) parametrized by the relative cochain (ξp−1,−1, υp−2,−1), the relative dierential co-
cycle (p,−1,p−1,−1; p−1,−1,p−2,−1; ^p,−1, ^p−1,−1) is determined up to a relative
dierential quasi coboundary, which, through a shift by a relative dierential coboundary,
can be brought to the form (1.3.7){(1.3.9).
The crucial point is that the relative real Cech cochain (ξp−1,−1, υp−2,−1) appearing
in (1.2.26){(1.2.28) and in (1.3.7){(1.3.9) are the same.
Let (Sp−1, Tp−2) 2 ZsOp−1(X, Y ), (p,p−1) 2 ZpdRZ(X, Y ) be an O{small relative sin-
gular p − 1{cycle and a cohomologically integer relative de Rham p{cocycle, respectively.
By the discussion above, we can extend (Sp−1, Tp−2) and (p,p−1) respectively to a rel-
ative singular Cech p − 1{intertwiner (S−1,p−1, T−1,p−2; fVk,p−1−kg, fZk,p−2−kg;Sp−1,−1,
Tp−2,−1) 2 ZIsCp−1(X, Y,O) and a relative de Rham{Cech p{cointertwiner (−1,p,−1,p−1;
fΩk,p−1−kg, fk,p−2−kg; p,−1,p−1,−1) 2 ZIpdRC(X, Y,O). Once this is done, we can ex-
tend the cohomologically integer relative Cech p{cocycle (p,−1,p−1,−1) 2 ~ZpCZ(X, Y,O)
to a relative dierential p{cocycle (p,−1,p−1,−1; p−1,−1,p−2,−1; ^p,−1, ^p−1,−1) 2
ZDpC(X, Y,O). With these relative data available, we dene
IO = IO1 + I
O
2 . (2.1.9)
From, (2.1.3), (2.1.4), (2.1.7), (2.1.8), with s−1,p = 0, t−1,p−1 = 0, ξ−1,p−1 = 0, υ−1,p−2 =
0, it follows that IO is dened up to an ambiguity given by
IO = (−1)p−1
h
hSp−1,−1, ξ^p−1,−1i − hTp−2,−1, υ^p−2,−1i
+ hsp,−1, ^p,−1i − htp−1,−1, ^p−1,−1i
i
= 0 mod Z. (2.1.10)
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We can thus unambiguously dene a mapping O : ZsOp−1(X, Y ) ZpdRZ(X, Y ) ! R/Z by
O(S, T ; ,) = IO mod Z, (2.1.11)
for (Sp−1, Tp−2) 2 ZsOp−1(X, Y ), (p,p−1) 2 ZpdRZ(X, Y ). From (2.1.1), (2.1.5), (2.1.9),
(2.1.11), it appears that O is Z bilinear.
From (2.1.4), it follows that, when (Sp−1, Tp−2), (p,p−1) are shifted by amounts
given by the right hand sides of (1.2.2), (1.2.17), respectively, one has
O(S, T ; ,) = hS−1,p−1, ξ−1,p−1i − hT−1,p−2, υ−1,p−2i
+ hs−1,p,−1,pi − ht−1,p−1,−1,p−1i
+ hs−1,p, dξ−1,p−1i − ht−1,p−1, iξ−1,p−1 − dυ−1,p−2i. (2.1.12)
2. Dependence of O on covering choices
It is important to compare the result of the above construction for two choices of
the underlying good open covering of X , Y , O(1), O(2). The basic ideas consists in
constructing suitable sequences of Cech (co)chains of the covering O(1)[O(2) interpolating
between the given Cech (co)chains of the individual coverings O(1), O(2).
To this end, we explicitly indicate the Cech degree with respect the two coverings.
So, Uk,l,n, say, is a singular Cech chain of Cech degree k, l with respect to O(1), O(2),
respectively, and dimension n. Similarly, k,l,n, say, is a de Rham{Cech cochain of Cech
degree k, l with respect to O(1), O(2), respectively, and form degree n. Accordingly, we
have two operators β1, β2 dened as in (1.1.7) and obeying (1.1.8). Similarly, we have
two operators δ1, δ2 dened as in (1.1.11) and obeying (1.1.12). Further, the pairs β1, δ1
and β2, δ2 independently satisfy the duality relations (1.1.15). Conversely, we have just
one operator b and one operator d, which are the same as before and satisfy the duality
relations (1.1.14).
A singular Cech chain Uk,l,n is a singular Cech chain of O(1) [ O(2) of Cech degree
k + l + 1. A singular Cech chain of the form Uk,−1,n (U−1,l,n) can be identied with
a singular Cech chain U (1)k,−1,n (U
(2)
−1,l,n) of O(1) (O(2)) of Cech degree k (l) having the
property of being O(2){small (O(1){small). The operator β appropriate for the singular
26
Cech chains of O(1)[O(2) is the sum β1 +(−1)deg (1)+1β2 while that for the singular Cech
chains of O(1) (O(2)) is β1 (β2). Similarly, a de Rham{Cech cochain k,l,n is a de Rham{
Cech cochain of O(1) [ O(2) of Cech degree k + l + 1. A de Rham{Cech cochain of the
form k,−1,n (−1,l,n) can be identied with a de Rham{Cech cochain k,−1,n(1) (
−1,l,n
(2) )
of O(1) (O(2)) of Cech degree k (l). The operator δ appropriate for the de Rham{Cech
cochains of O(1) [ O(2) is the sum δ1 + (−1)deg (1)+1δ2 while that for the de Rham{Cech
cochains of O(1) (O(2)) is δ1 (δ2).
When stating that a sequence of (co)chains forms a relative (co)cochain, (co)cycle,
(co)boundary, (quasi) (trivial) (co)intertwiner etc. it is necessary to specify the underlying
covering and the relevant β or δ operators. If no label is attached to the (co)chains, it is
understood that the covering isO(1)[O(2) and the β or δ operators are β1+(−1)deg (1)+1β2,
δ1 + (−1)deg (1)+1δ2. If the label 1 (2) is attached to the (co)chains, it is understood that
the covering is O(1) (O(2)) and the β or δ operators are β1 (β2), δ1 (δ2).
Set Jr = f(k, l)jk, l 2 Z, 0  k, l, 0  k + l  rg, Kr = fkjk 2 Z, 0  k  rg, r 2 N.
We say that a sequence of chains (S−1,−1,p−1, T−1,−1,p−2; fVk,l,p−1−k−lj(k, l) 2 Jp−1g,
fZk,l,p−2−k−lj(k, l) 2 Jp−2g; fSk,p−1−k,−1jk 2 Kp−1g, fTk,p−2−k,−1jk 2 Kp−2g) interpo-
lates two relative singular Cech p − 1{intertwiners (S(1)−1,−1,p−1, T (1)−1,−1,p−2; fV (1)k,−1,p−1−kj
k 2 Ip−1g, fZ(1)k,−1,p−2−kjk 2 Ip−2g; S(1)p−1,−1,−1, T (1)p−2,−1,−1), (S(2)−1,−1,p−1, T (2)−1,−1,p−2;
fV (2)−1,k,p−1−kjk 2 Ip−1g, fZ(2)−1,k,p−2−kjk 2 Ip−2g;S(2)−1,p−1,−1, T (2)−1,p−2,−1) (cfr. eqs. (1.2.5){
(1.2.7)), if S−1,−1,p−1, Vk,l,p−1−k−l, Sk,p−1−k,−1 are singular Cech chains of X , T−1,−1,p−2,
Zk,l,p−2−k−l, Tk,p−2−k,−1 are singular Cech chains in Y and
S−1,−1,p−1 = β1β2V0,0,p−1, (2.2.1a)
T−1,−1,p−2 = −β1β2Z0,0,p−2, (2.2.1b)
bVk,l,p−1−k−l = β1Vk+1,l,p−2−k−l + (−1)k+1β2Vk,l+1,p−2−k−l
+ (−1)k+l+1iZk,l,p−2−k−l, 0  k, l, 0  k + l  p− 2, (2.2.2a)
bZk,l,p−2−k−l = β1Zk+1,l,p−3−k−l + (−1)k+1β2Zk,l+1,p−3−k−l,
0  k, l, 0  k + l  p− 3, (2.2.2b)
Sk,p−1−k,−1 = bVk,p−1−k,0, (2.2.3a)





−1,−1,p−1 = S−1,−1,p−1, S
(2)
−1,−1,p−1 = S−1,−1,p−1, (2.2.4a)
T
(1)
−1,−1,p−2 = T−1,−1,p−2, T
(2)
−1,−1,p−2 = T−1,−1,p−2, (2.2.4b)
V
(1)
k,−1,p−1−k = β2Vk,0,p−1−k, V
(2)
−1,k,p−1−k = (−1)kβ1V0,k,p−1−k,
0  k  p− 1, (2.2.5a)
Z
(1)
k,−1,p−2−k = −β2Zk,0,p−2−k, Z(2)−1,k,p−2−k = −(−1)kβ1Z0,k,p−2−k,
0  k  p− 2, (2.2.5b)
S
(1)
p−1,−1,−1 = β2Sp−1,0,−1, S
(2)
−1,p−1,−1 = (−1)p−1β1S0,p−1,−1, (2.2.6a)
T
(1)
p−2,−1,−1 = β2Tp−2,0,−1, T
(2)
−1,p−2,−1 = (−1)p−2β1T0,p−2,−1. (2.2.6b)
It is straightforward to check that the above relations are compatible with the relations
(1.2.5){(1.2.7) obeyed by the relative singular Cech intertwiners.
For r 2 N, dene Jr = f(k, l)jk, l 2 Z,−1  k, l, −1  k + l  rg, Kr = fkjk 2
Z,−1  k  rg. We say that a sequence of cochains (−1,−1,p,−1,−1,p−1; fΩk,l,p−2−k−lj
(k, l) 2 Jp−2g, fk,l,p−3−k−lj(k, l) 2 Jp−3g; fk,p−1−k,−1jk 2 Kpg, fk,p−2−k,−1jk 2
Kp−1g) interpolates two relative de Rham{Cech p{cointertwiners (−1,−1,p(1) ,−1,−1,p−1(1) ;
fΩk,−1,p−1−k(1) jk 2 Ip−1g, fk,−1,p−2−k(1) jk 2 Ip−2g; p,−1,−1(1) , p−1,−1,−1(1) ), (−1,−1,p(2) ,
−1,−1,p−1(2) ; fΩ−1,k,p−1−k(2) jk 2 Ip−1g, f−1,k,p−2−k(2) jk 2 Ip−2g; −1,p,−1(2) ,−1,p−1,−1(2) ) (cfr.
eqs. (1.2.20){(1.2.22)), if −1,−1,p−1, Ωk,l,p−1−k−l, k,p−1−k,−1 are de Rham{Cech co-
chains of X , −1,−1,p−2, k,l,p−2−k−l, k,p−2−k,−1 are de Rham{Cech cochains in Y and
δ1−1,−1,p = dΩ0,−1,p−1,
δ2−1,−1,p = dΩ−1,0,p−1 (2.2.7a)
δ1−1,−1,p−1 = −d0,−1,p−2 + iΩ0,−1,p−1,
δ2−1,−1,p−1 = −d−1,0,p−2 + iΩ−1,0,p−1, (2.2.7b)
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dΩk,l,p−2−k−l = δ1Ωk−1,l,p−1−k−l + (−1)k+1δ2Ωk,l−1,p−1−k−l,
− 1  k, l, 0  k + l  p− 2, (2.2.8a)
dk,l,p−3−k−l = δ1k−1,l,p−2−k−l + (−1)k+1δ2k,l−1,p−2−k−l
+ (−1)k+l+1iΩk,l,p−2−k−l, −1  k, l, 0  k + l  p− 3, (2.2.8b)









−1,−1,p, −1,−1,p(2) = 
−1,−1,p, (2.2.10a)
−1,−1,p−1(1) = 
−1,−1,p−1, −1,−1,p−1(2) = 
−1,−1,p−1, (2.2.10b)
Ωk,−1,p−1−k(1) = Ω
k,−1,p−1−k, Ω−1,k,p−1−k(2) = Ω
−1,k,p−1−k, 0  k  p− 1 (2.2.11a)
k,−1,p−2−k(1) = 
k,−1,p−2−k, −1,k,p−2−k(2) = 
−1,k,p−2−k, 0  k  p− 2, (2.2.11b)
p,−1,−1(1) = 
p,−1,−1, −1,p,−1(2) = 
−1,p,−1, (2.2.12a)
p−1,−1,−1(1) = 
p−1,−1,−1, −1,p−1,−1(2) = 
−1,p−1,−1. (2.2.12b)
It is straightforward to check that the above relations are compatible with the relations
(1.2.20){(1.2.22) obeyed by the relative de Rham{Cech cointertwiners.
Using the interpolating sequences of (co)chains introduced above, one denes for 0 








hZl,k−l,p−2−k, δ1l−1,k−l,p−2−k + (−1)l+1δ2l,k−l−1,p−2−ki. (2.2.13)
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Using the relations (1.1.14), (1.1.15), (2.2.2), (2.2.8), (2.2.5), (2.2.11), one nds that, for
1  k  p− 2,
(−1)khV (1)k,−1,p−1−k,Ωk,−1,p−1−k(1) i − (−1)khV (2)−1,k,p−1−k,Ω−1,k,p−1−k(2) i
− (−1)khZ(1)k,−1,p−2−k,k,−1,p−2−k(1) i+ (−1)khZ(2)−1,k,p−2−k,−1,k,p−2−k(2) i















+S1p−2 − S10 = 0. (2.2.15)
From the denition (2.2.13), using (1.1.15), (2.2.5), (2.2.11) with k = 0, one easily sees
that
S10 = − hV (1)0,−1,p−1,Ω0,−1,p−1(1) i+ hZ(1)0,−1,p−2,0,−1,p−2(1) i
+ hV (2)−1,0,p−1,Ω−1,0,p−1(2) i − hZ(2)−1,0,p−2,−1,0,p−2(2) i. (2.2.16)









hZk,p−2−k,0, δ1k−1,p−2−k,0 + (−1)k+1δ2k,p−3−k,0 + (−1)p−1iΩk,p−2−k,0i
+(−1)p−1hV (1)p−1,−1,0,Ωp−1,−1,0(1) i − (−1)p−1hV (2)−1,p−1,0,Ω−1,p−1,0(2) i. (2.2.17)
Let IO(1)1 (I
O(2)
1 ) be constructed according (2.1.1) using the above (co)intertwiners marked












We say that a sequence of chains (fSk,p−1−k,−1jk 2 Kp−1g, fTk,p−2−k,−1jk 2 Kp−2g)
interpolates two relative integer Cech p−1{cycles (S(1)p−1,−1,−1, T (1)p−2,−1,−1), (S(2)−1,p−1,−1,
T
(2)
−1,p−2,−1) (cfr. eqs. (1.2.3)), if Sk,p−1−k,−1 are integer Cech chains of X , Tk,p−2−k,−1
are integer Cech chains in Y and
β1Sk+1,p−2−k,−1 + (−1)k+1β2Sk,p−1−k,−1 − iTk,p−2−k,−1 = 0,
0  k  p− 2, (2.2.19a)




p−1,−1,−1 = β2Sp−1,0,−1, S
(2)
−1,p−1,−1 = (−1)p−1β1S0,p−1,−1, (2.2.20a)
T
(1)
p−2,−1,−1 = β2Tp−2,0,−1, T
(2)
−1,p−2,−1 = (−1)p−2β1T0,p−2,−1. (2.2.20b)
The above relations are compatible with the relations (1.2.3) obeyed by the integer Cech
cycles.
We say that a sequence of cochains (fk,p−1−k,−1jk 2 Kpg, fk,p−2−k,−1jk 2 Kp−1g;
fk,p−2−k,−1jk 2 Kp−1g, fk,p−3−k,−1jk 2 Kp−2g; f^k,p−1−k,−1jk 2 Kpg, f^k,p−2−k,−1j


















(2) ) (cfr. eqs. (1.3.1){(1.3.3)), if 
k,p−1−k,−1, k,p−2−k,−1
are real Cech cochains of X , ^k,p−1−k,−1 is an integer Cech cochain of X , k,p−2−k,−1,
k,p−3−k,−1 are real Cech cochains of Y , ^k,p−2−k,−1 is an integer Cech cochain of Y
such that
δ1k−1,p−k,−1 + (−1)k+1δ2k,p−1−k,−1 = 0, −1  k  p+ 1, (2.2.21a)
ik,p−1−k,−1 − δ1k−1,p−1−k,−1 − (−1)k+1δ2k,p−2−k,−1 = 0,
− 1  k  p, (2.2.21b)
δ1k−1,p−1−k,−1 + (−1)k+1δ2k,p−2−k,−1 = ^k,p−1−k,−1 − k,p−1−k,−1,
− 1  k  p (2.2.22a)
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ik,p−2−k,−1 − δ1k−1,p−2−k,−1 − (−1)k+1δ2k,p−3−k,−1
= ^k,p−2−k,−1 −k,p−2−k,−1, −1  k  p− 1, (2.2.22b)
δ1^k−1,p−k,−1 + (−1)k+1δ2^k,p−1−k,−1 = 0, −1  k  p+ 1, (2.2.23a)
i^k,p−1−k,−1 − δ1^k−1,p−1−k,−1 − (−1)k+1δ2^k,p−2−k,−1 = 0,
− 1  k  p, (2.2.23b)
with
p,−1,−1(1) = 
p,−1,−1, −1,p,−1(2) = 
−1,p,−1, (2.2.24a)
p−1,−1,−1(1) = 
p−1,−1,−1, −1,p−1,−1(2) = 
−1,p−1,−1, (2.2.24b)
p−1,−1,−1(1) = 
p−1,−1,−1, −1,p−1,−1(2) = 
−1,p−1,−1, (2.2.25a)
p−2,−1,−1(1) = 
p−2,−1,−1, −1,p−2,−1(2) = 
−1,p−2,−1, (2.2.25b)
^p,−1,−1(1) = ^
p,−1,−1, ^−1,p,−1(2) = ^
−1,p,−1, (2.2.26a)
^p−1,−1,−1(1) = ^
p−1,−1,−1, ^−1,p−1,−1(2) = ^
−1,p−1,−1. (2.2.26b)
It is straightforward to check that the above relations are compatible with the relations
(1.3.1){(1.3.3) obeyed by the relative dierential cocycles.








hTk,p−2−k,−1, ik,p−2−k,−1 − δ1k−1,p−2−k,−1 − (−1)k+1δ2k,p−3−k,−1i.
(2.2.27)
















On the other hand, using (1.1.15), (2.2.19), (2.2.20), (2.2.25), one nds
S2 = (−1)p−1
h
hS(2)−1,p−1,−1,−1,p−1,−1(2) i − hT (2)−1,p−2,−1,−1,p−2,−1(2) i
−hS(1)p−1,−1,−1,p−1,−1,−1(1) i+ hT (1)p−2,−1,−1,p−2,−1,−1(1) i
i
. (2.2.29)






hTk,p−2−k,−1, ^k,p−2−k,−1i = 0 mod Z. (2.2.30)
Let IO(1)2 (I
O(2)
2 ) be constructed according (2.1.5) using the integer Cech cycle and the
dierential cocycle marked by the label 1 (2). From (2.2.28), (2.2.29), one has then
I
O(2)








From (2.2.18), (2.2.31), (2.1.9), one concludes that
IO(2) − IO(1) = 0 mod Z, (2.2.32)
provided there exist appropriate sequences of (co)chains interpolating between the relative
data used in the computation of IO(1), IO(2), as described above. Therefore, we have not
yet proven the mod Z independence of IO from O, as suitable interpolating sequences
might not exist after all. This is what we are going to nd out next.
Let us assume that (S(1)−1,−1,p−1, T
(1)







−1,−1,p−2; fV (2)−1,k,p−1−k, fZ(2)−1,k,p−2−kg;S(2)−1,p−1,−1, T (2)−1,p−2,−1)







−1,−1,p−2). Then, after possibly shifting the in-
tertwiners by quasi trivial intertwiners (cfr eqs. (1.2.11){(1.2.13)) preserving this condition,
there exists a sequence of chains (S−1,−1,p−1, T−1,−1,p−2; fVk,l,p−1−k−lg, fZk,l,p−2−k−lg;
fSk,p−1−k,−1g, fTk,p−2−k,−1g) interpolating the given intertwiners, i.e satisfying (2.2.1){
(2.2.6).
Here is a sketch of the proof. We begin with noting that, if Uk,l,n is a singular Cech
chain such that β1β2Uk,l,n = 0, then there are singular Cech chains Uk+1,l,n, Uk,l+1,n such
that Uk,l,n = β1Uk+1,l,n + (−1)k+1β2Uk,l+1,n. This follows from the triviality of the β1,
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β2 homology for O(1), O(2){small chains, respectively, and the fact that, for any singular











Then, (S−1,−1,p−1, T−1,−1,p−2) is a relative singular p− 1{cycle,
bS−1,−1,p−1 − iT−1,−1,p−2 = 0, (2.2.34a)
− bT−1,−1,p−2 = 0. (2.2.34b)
Hence, there is a chain V0,0,p−1 of X and a chain Z0,0,p−2 of Y satisfying (2.2.1). By
substituting (2.2.1) into (2.2.34), one nds that (2.2.2) holds for k, l = 0 for some chains
V1,0,p−2, V0,1,p−2 of X and Z1,0,p−3, Z0,1,p−3 of Y . The proof of (2.2.2) is completed by a
straightforward induction on the value of k+ l. Sk,p−1−k,−1, Tk,p−2−k,−1 are then dened
according (2.2.3). Next, one checks that the right hand sides of relations (2.2.4){(2.2.6)
dene an O(1) and an O(2) relative singular Cech p − 1{intertwiner. As these fulll
(2.2.33), they must equal the given relative singular Cech intertwiners up to quasi trivial
shifts respecting (2.2.33). (See the discussion of subsect. 1.4.)







−1,p−2,−1), i.e. it satises (2.2.19){(2.2.20).
These statements are straightforwardly veried.
Assume that O(1) [ O(2) is a good covering of the pair X , Y and that (−1,−1,p(1) ,
−1,−1,p−1(1) ; fΩk,−1,p−1−k(1) g, fk,−1,p−2−k(1) g; p,−1,−1(1) ,p−1,−1,−1(1) ), (−1,−1,p(2) ,−1,−1,p−1(2) ;
fΩ−1,k,p−1−k(2) g, f−1,k,p−2−k(2) g; −1,p,−1(2) ,−1,p−1,−1(2) ) are two relative de Rham{Cech p{co-
intertwiners (cfr. eqs. (1.2.20){(1.2.22)) such that (−1,−1,p(1) ,
−1,−1,p−1
(1) ) = (
−1,−1,p
(2) ,
−1,−1,p−1(2) ). Then, after possibly shifting the cointertwiners by quasi trivial cointertwiners
(cfr. eqs. (1.2.26){(1.2.28)) preserving this condition, there exists a sequence of cochains
(−1,−1,p,−1,−1,p−1; fΩk,l,p−2−k−lg, fk,l,p−3−k−lg; fk,p−1−k,−1g, fk,p−2−k,−1g) in-
terpolating the given cointertwiners, i.e. fullling (2.2.7) {(2.2.12).
Here is a sketch of the proof. As O(1)[O(2) is a good covering of the pair X , Y , the
cohomology isomorphism (1.4.2) holds true. Set
−1,−1,p = −1,−1,p(1) = 
−1,−1,p
(2) , (2.2.35a)




Then, (−1,−1,p,−1,−1,p−1) is an O(1) [ O(2) relative de Rham p cocycle,
d−1,−1,p = 0, (2.2.36a)
i−1,−1,p − d−1,−1,p−1 = 0. (2.2.36b)
This can be extended to an O(1) [ O(2) relative cointertwiner, which is precisely the
sequence of cochains interpolating the given relative de Rham{Cech cointertwiners we are
looking for. Indeed, (2.2.7){(2.2.9) are nothing but the transcription of (1.2.20){(1.2.22) for
the covering O(1)[O(2). One then checks that the right hand sides of relations (2.2.10){
(2.2.12) dene an O(1) and an O(2) relative p{cointertwiner. As these fulll (2.2.35), they
must equal the given relative cointertwiners up to quasi trivial shifts respecting (2.2.35).
(See the discussion of subsect. 1.4.)






(2) ) are co-



























(2) ) (cfr. eqs. (1.3.1){(1.3.3)). In that case, (fk,p−1−k,−1g,
fk,p−2−k,−1g) can be extended to a sequence of cochains (fk,p−1−k,−1g, fk,p−2−k,−1g;
fk,p−2−k,−1g, fk,p−3−k,−1g; f^k,p−1−k,−1g, f^k,p−2−k,−1g) interpolating those cocy-
cles, i.e. satisfying (2.2.21){(2.2.26), after possibly shifting the latter by quasi coboundaries







Indeed, if the de Rham cocycle (−1,−1,p,−1,−1,p−1) is cohomologically integer, then
the O(1) [ O(2) real Cech cocycle (fk,p−1−k,−1g, fk,p−2−k,−1g) is similarly cohomo-
logically integer. Thus, it can be extended to an O(1) [ O(2) dierential p{cocycle,
which is the desired interpolating sequence of cochains. (2.2.21){(2.2.23) is indeed the
transcription of (1.3.1){(1.3.3) for the covering O(1) [ O(2). One then checks that the







(2) ). Thus, they must equal the given





(2) ). (See agian subsect. 1.4.)
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The above statements remain true if one of the two coverings O(1), O(2) is substituted
by a renement which is a good covering of X , Y 1.
Indeed, assume that O0(2) is a good covering of the pair X , Y rening O(2) with
renement map f(2). f(2) induces a homomorphism f(2) of the space relative de Rham-
Cech cochains of O(1)[O(2) into that of O(1)[O0(2), which preserves the de Rham and
Cech degrees, commutes with d and is such that f(2)δ1 = δ1f(2), f(2)δ2 = δ02f(2).
Then, sequence of cochains obtained by applying f(2) to the interpolating sequence of
cochains of O(1), O(2) is interpolating with respect to O(1), O0(2).
Let (Sp−1, Tp−2) 2 ZsO(i)p−1 (X, Y ) be an O(i){small relative singular cycle, i = 1, 2,
(cfr. eq. 1.2.1 and subsect. 1.2). Then, the relative singular cycles (S(1)−1,−1,p−1, T
(1)
−1,−1,p−2)




−1,−1,p−2) = (S−1,−1,p−1, T−1,−1,p−2) extend
to singular Cech intertwiners (S(1)−1,−1,p−1, T
(1)









−1,−1,p−2; fV (2)−1,k,p−1−k, fZ(2)−1,k,p−2−kg;S(2)−1,p−1,−1,
T
(2)
−1,p−2,−1), respectively, (cfr. subsect 1.4). From the above analysis, these intertwin-
ers (can be chosen to) admit a sequence of chains (S−1,−1,p−1, T−1,−1,p−2; fVk,l,p−1−k−lg,
fZk,l,p−2−k−lg; fSk,p−1−k,−1g, fTk,p−2−k,−1g) interpolating them. In particular, the inte-






−1,p−2,−1) are interpolated by the
sequence of chains (fSk,p−1−k,−1g, fTk,p−2−k,−1g).
Assume that (p,p−1) 2 ZpdRZ(X, Y ) is a cohomologically integer relative de Rham





(2) ) = (
−1,−1,p,−1,−1,p−1) t into de Rham{
Cech cointertwiners (−1,−1,p(1) , 
−1,−1,p−1





(2) ; fΩ−1,k,p−1−k(2) g, f−1,k,p−2−k(2) g; −1,p,−1(2) ,−1,p−1,−1(2) ),
respectively, (cfr. subsect. 1.4). As we have seen above, these cointertwiners (can be chosen
to) admit a sequence of cochains (−1,−1,p, −1,−1,p−1; fΩk,l,p−2−k−lg, fk,l,p−3−k−lg;
fk,p−1−k,−1g, fk,p−2−k,−1g) interpolating them, provided O(1), O(2) satisfy the restric-
tions listed above. The cohomologically integer real Cech cocycles (p,−1,−1(1) , 
p−1,−1,−1
(1) ),
1 Let O = fOαjα 2 Ag, O0 = fO0α0 jα0 2 A0g be coverings of a manifold M . O0
is a renement of O if there is a map f : A0 ! A such that O0α0  Of(α0) for α0 2






for k,r 2 Ck,r(M,O). f is a cochain map, i.
e. fδ = δ0f. If N us a submanifold of M , then O0 \N is a renement of O \N and one
can dene a homomorphism f

N


























(2) ) (cfr. subsect. 1.3). The cocycles (can be chosen to) ad-
mit an interpolating sequence of cochains (fk,p−1−k,−1g, fk,p−2−k,−1g; fk,p−2−k,−1g,
fk,p−3−k,−1g; f^k,p−1−k,−1g, f^k,p−2−k,−1g), provided again the coverings O(1), O(2)
satisfy the appropriate restrictions.
The family of open coverings of X is a directed set, that is any two open coverings
have a common renement. Further, the family of good open coverings of X , Y is conal
in the family of open coverings of X , that is any open covering has a renement which is
a good open covering of X , Y [32]. Let O(1), O(2) be two good coverings and O(12) is
common renement of O(1), O(2) which is a good covering. Since O(1)[O(1), O(2)[O(2)
are trivially good coverings and O(12) is simultaneously a good renement of O(1), O(2),
we can apply the results just obtained.
Let (Sp−1, Tp−2) 2 ZsO(12)p−1 (X, Y ), (p,p−1) 2 ZpdRZ(X, Y ). Recalling the denition
of O given in subsect 2.1 and using (2.2.32), we have
O(i)(S, T ; ,) = O(12)(S, T ; ,), i = 1, 2. (2.2.37)
Thus,
O(1)(S, T ; ,) = O(2)(S, T ; ,). (2.2.38)
In the above sense, O is independent from covering choices.
3. Extension of O to non O–small relative cycles
Since any dependence on a choice of open covering O is unnatural, we would like
to extend the Z linear map O : ZsOp−1(X, Y )  ZpdRZ(X, Y ) ! R/Z to a Z linear map
 : Zsp−1(X, Y )  ZpdRZ(X, Y ) ! R/Z independent from O. This can indeed be done
using the barycentric subdivision operator q introduced in subsect. 1.1 as follows. Let
(Sp−1, Tp−2) 2 Zsp−1(X, Y ) be a general relative singular p− 1{cycle. Then, given a good
open covering O of the pair X , Y , for a suciently large k  0, (qkSp−1, qkTp−2) 2
ZsOp−1(X, Y ) is O{small. We then set
(S, T ; ,) = O(qkS, qkT ; ,). (2.3.1)
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Next, we shall show that the right hand side of (2.3.1) does not depend on O and k, making
the denition well{posed.
From (1.1.5), for k, l  0, one has





bc(k,l)Sp−1 + ic(k,l)Tp−2 = qkSp−1 − qlSp−1, (2.3.3a)
bc(k,l)Tp−2 = qkTp−2 − qlTp−2. (2.3.3b)
Therefore, (qkSp−1−qlSp−1, qkTp−2−qlTp−2) is the relative boundary of the relative chain
(c(k,l)Sp−1,−c(k,l)Tp−2). Now, if k, l are large enough, qrSp−1, qrTp−2 are bothO{small for
r  min(k, l). Since c preserves O{smallness and the range of c contains only degenerate
chains (see subsect 1.1), both c(k,l)Sp−1 and c(k,l)Tp−2 are O{small and degenerate, by
(2.3.2). Recall that degenerate chains are invisible, that is the integral of any form on any
such chain vanishes. So,
O(qkS, qkT ; ,)− O(qlS, qlT ; ,)
= O(qkS − qlS, qkT − qlT ; ,)
= O(bc(k,l)S + ic(k,l)T, bc(k,l)T ; ,)
= hc(k,l)Sp−1,pi+ hc(k,l)Tp−2,p−1i
= 0. (2.3.4)
This shows that the right hand side of (2.3.1) is independent from k
If O(1), O(2) are two good coverings and O(12) is a good covering rening both O(1),
O(2), and k is large enough so that (qkSp−1, qkTp−2) is O(12){small, then,
O(1)(qkS, qkT ; ,)− O(2)(qkS, qkT ; ,) = 0, (2.3.5)
by (2.2.38). This shows that the right hand side of (2.3.1) is independent from O.
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When the relative (co)cycles (Sp−1, Tp−2), (p,p−1) are shifted by the relative
(co)boundaries given by the right hand sides of (1.2.2), (1.2.17), respectively, one has
(S, T ; ,) = hSp−1, ξp−1i − hTp−2, υp−2i
+ hsp,pi − htp−1,p−1i
+ hsp, dξp−1i − htp−1, iξp−1 − dυp−2i. (2.3.6)
Indeed, provided k is large enough to make all chains involved O{small, (S, T ; ,) =
O(qkS, qkT ; ,), which, on account of (2.1.12), is given by
O(qkS, qkT ; ,) = hqkSp−1, ξp−1i − hqkTp−2, υp−2i
+ hqksp,pi − hqktp−1,p−1i
+ hqksp, dξp−1i − hqktp−1, iξp−1 − dυp−2i. (2.3.7)
Using (2.3.2) and (1.2.1), one has
bc(k,0)Sp−1 + ic(k,0)Tp−2 = qkSp−1 − Sp−1, (2.3.8a)
bc(k,0)Tp−2 = qkTp−2 − Tp−2. (2.3.8b)
bc(k,0)sp + c(k,0)bsp = qksp − sp, (2.3.8c)
bc(k,0)tp−1 + c(k,0)btp−1 = qktp−1 − tp−1. (2.3.8d)
As the range of c contains only degenerate chains, c(k,0)Sp−1, c(k,0)Tp−2, c(k,0)sp, c(k,0)tp−1
are all degenerate, hence invisible. Then, by (2.3.8), the chains qkSp−1 − Sp−1, qkTp−2 −
Tp−2, qksp−sp, qktp−1− tp−1 are all invisible. It follows that the right hand side of (2.3.7)
equals that of (2.3.6).
We have thus dened a Z bilinear mapping  : Zsp−1(X, Y )  ZpdRZ(X, Y ) ! R/Z,
which we claim constitutes a candidate degree p Y relative Cheeger{Simons dierential
character of X , pX,Y , which in a sense is canonical. This will become clear in the next
section. See also the heuristic discussion given in the introduction.
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3. Properties of the relative Cheeger–Simons differential character pX,Y
Let p, X , Y satisfy the same assumptions as in subsect. 1.2. In this section, we shall
study the main properties of pX,Y . All statements and identities given below hold modulo
Z.
1. Basic properties of the relative character pX,Y
As we saw, pX,Y is a Z bilinear map
pX,Y : Z
s
p−1(X, Y ) ZpdRZ(X, Y ) ! R/Z. (3.1.1)
From (2.3.6), for any relative boundary (Sp−1, Tp−2) 2 Bsp−1(X, Y ) given by (1.2.2),
pX,Y (S, T ; ,) = hsp,pi − htp−1,p−1i (3.1.2)
and for any relative coboundary (p,p−1) 2 BpdR(X, Y ) given by (1.2.17),
pX,Y (S, T ; ,) = hSp−1, ξp−1i − hTp−2, υp−2i. (3.1.3)
If (sp, tp−1) is a relative singular p{cycle, then the relative singular boundary (Sp−1,
Tp−2) given in (1.2.2) vanishes. So, in this case, 
p
X,Y (S, T ; ,) = 0. From (3.1.2), we
thus get the quantization condition
hsp,pi − htp−1,p−1i 2 Z. (3.1.4)
It is easy to check that the left hand side of this expression depends only on the relative
homology class of (sp, tp−1) and the relative cohomology class of (p,p−1). We recover
the well{known fact that that any relative de Rham p cohomology class corresponding to a
cohomologically integer relative Cech p cohomology class satises the integrality condition
(3.1.4).
Relations (3.1.2), (3.1.3), (3.1.4) are a transcription of the formal identities (0.13),
(0.15), (0.11) in the present notation and identify pX,Y as a degree p Y relative Cheeger{
Simons dierential character of X . See also subsect. 3.4 below.




As shown in subsect. 1.5, absolute (co)cycles are particular cases of and are implied
by relative (co)cycles. We exploit this fact to derive two absolute characters pX , 
p−1
Y
from the relative character pX,Y .
Recall that there are a canonical inclusion of Zsp−1(X) into Z
s
p−1(X, Y ) and a canonical
homomorphism of ZpdRZ(X, Y ) into Z
p
dRZ(X). By inspecting eqs. (1.2.5){(1.2.7), (1.2.20){
(1.2.22), (1.3.1){(1.3.3) and using the denition (2.3.1) and the explicit expressions (2.1.1),
(2.1.5), (2.1.9), (2.1.11), it is easy to see that the restriction pX,Y jZsp−1(X)ZpdRZ(X, Y )
is the composition of the homomorphism Zsp−1(X) ZpdRZ(X, Y ) ! Zsp−1(X) ZpdRZ(X)
and a Z bilinear map
pX : Z
s
p−1(X) ZpdRZ(X) ! R/Z. (3.2.1)
From (2.3.6), for any boundary Sp−1 2 Bsp−1(X) given by (1.2.2a) with tp−1 = 0,
pX(S; ) = hsp,pi (3.2.2)
and, for any coboundary p 2 BpdR(X) given by (1.2.17a),
pX(S; ) = hSp−1, ξp−1i. (3.2.3)
If sp is a singular p{cycle, then the singular boundary Sp−1 given in (1.2.2a) with
tp−1 = 0 vanishes so that 
p
X(S; ) = 0. From (3.2.2), we get the quantization condition
hsp,pi 2 Z, (3.2.4)
as expected.
Next, recall that there are a canonical inclusion of Zp−1dRZ(Y ) into Z
p
dRZ(X, Y ) and a
canonical homomorphism of Zsp−1(X, Y ) into Z
s
p−2(Y ). By inspecting again eqs. (1.2.5){
(1.2.7), (1.2.20){(1.2.22), (1.3.1){(1.3.3) and using (2.3.1) and (2.1.1), (2.1.5), (2.1.9),
(2.1.11) once more, one veries that the restriction pX,Y jZsp−1(X, Y )  Zp−1dRZ(Y ) is the




p−2(Y ) Zp−1dRZ(Y ) ! R/Z. (3.2.5)
From (2.3.6), for any boundary Tp−2 2 Bsp−2(Y ) given by (1.2.2b),
p−1Y (T ; ) = −htp−1,p−1i (3.2.6)
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and, for any coboundary p−1 2 Bp−1dR (Y ) given by (1.2.17b) with ξp−1 = 0, one has
p−1Y (T ; ) = −hTp−2, υp−2i. (3.2.7)
If tp−1 is a singular p − 1{cycle, then the relative singular boundary Tp−2 given in
(1.2.2b) vanishes. So, in this case, p−1Y (T ; ) = 0. From (3.2.6), we thus get the quanti-
zation condition
−htp−1,p−1i 2 Z, (3.2.8)
again, as expected.
Relations (3.2.2), (3.2.3), (3.2.4), (3.2.6), (3.2.7), (3.2.8), after an obvious change of
notation, correspond to the two absolute versions of the formal identities (0.13), (0.15),
(0.11) and identify pX , 
p−1
Y as degree p, p − 1 absolute dierential characters of X , Y ,
respectively. See also subsect. 3.4 below.
3. Gauge covariance
Since there are a canonical injection of Zsp−1(X) into Z
s
p−1(X, Y ) and of Z
p−1
dRZ(Y )




p−1(X, Y ) 
ZpdRZ(X, Y ) ! R/Z under a shift of the rst (second) argument by an element of Zsp−1(X)
(Zp−1dRZ(Y )). These operations are called gauge transformations in physical parlance. Fairly
obviously
pX,Y (S + U, T ; ,) = 
p
X,Y (S, T ; ,) + 
p
X(U ; ), (3.3.1)
for a cycle Up−1 2 Zsp−1(X), and
pX,Y (S, T ; , + ) = 
p
X,Y (S, T ; ,) + 
p−1
Y (T ; ), (3.3.2)
for a cocycle p−1 2 Zp−1dRZ(Y ).
4. Uniqueness
In general, we dene a degree p Y relative Cheeger{Simons dierential character




p−1(X, Y )ZpdRZ(X, Y ) ! R/Z satisfying (3.1.2),




a relative Cheeger{Simons dierential character and ψ : Hsp−1(X, Y )HpdRZ(X, Y ) ! R/Z
is a Z bilinear map, then
Ψ0pX,Y = Ψ
p
X,Y + ψ $, (3.4.1)
where $ : Zsp−1(X, Y )  ZpdRZ(X, Y ) ! Hsp−1(X, Y )  HpdRZ(X, Y ) is the natural map
of (co)cycles into (co)homology, then Ψ0pX,Y is also relative Cheeger{Simons dierential
character. Conversely, any relative Cheeger{Simons dierential character Ψ0pX,Y is given
in terms of a reference character ΨpX,Y by (3.4.1) for some ψ. So, the manifold CSpX,Y of
degree p Y relative Cheeger{Simons dierential characters of X is
CSpX,Y = Hom
(
Hsp−1(X, Y )⊗Z HpdRZ(X, Y ),R/Z

(3.4.2)
Similarly, one denes a degree p absolute Cheeger{Simons dierential character ΨpX
of X as any bilinear map ΨpX : Z
s
p−1(X)  ZpdRZ(X) ! R/Z satisfying (3.2.2), (3.2.3).
Proceeding as above, one nds that the manifold CSpX of degree p absolute Cheeger{Simons






It is easy to see that it is generally impossible to obtain two absolute Cheeger{Simons
dierential characters ΨpX , Ψ
p−1
Y from a given relative Cheeger{Simons dierential char-
acter ΨpX,Y by restriction, as in subsect. 3.2. In fact, a construction of that type yields
objects which fail to be absolute dierential characters ΨpX , Ψ
p−1
Y by a possibly nontrivial
Z bilinear map χ : Hsp−1(X)Hp−1dRZ(Y ) ! R/Z.
The relative Cheeger{Simons dierential character pX,Y constructed in sect. 2 may
be considered canonical for two reasons: the essential simplicity of its expression in the way





In this paper, we have shown that the proper treatment of the topological integrals
appearing in many physical models such as gauge theory and string theory requires in
an essential way relative (co)homology and leads to relative Cheeger{Simons dierential
characters. Instead of contenting ourselves with an abstract study of these matters, we
have worked out a denition of relative Cheeger{Simons dierential characters which is
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constructive, i. e. computable in principle, and which contains the ordinary Cheeger{
Simons dierential characters as a particular case. The resulting expressions are totally
explicit and completely general and lend themselves also to a more formal type of study.
Our method relies heavily on Cech (co)homological machinery. This has its advantages
and disadvantages. At any rate, it seems hardly avoidable when one has to deal with locally
dened elds on arbitrary topologically non trivial manifolds. A major part of the eort
consisted in showing independence from covering choices.
We limited ourselves to the case where the quantization conditions can be formulated
in the framework of integral relative cohomology. This excludes interesting examples from
D{brane theory, which require more general cohomology theories such as K theory. It
would be very interesting to generalize our constructions to K theory. This is left for
future work.
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